Let R be a ring and M be a left R-module. If M is Rad-supplementing, 
Introduction
All rings consider in this paper will be associative with an identity element.
Unless otherwise stated, R denotes an arbitrary ring and all modules will be left unitary R-modules. By R-Mod we denote the category of left R-modules.
Let M be a module. By X ⊆ M, we mean X is a submodule of M or M is an extension of X. As usual, Rad M denotes the radical of M and J denotes the jacobson radical of the ring R. E(M) will be the injective envelope of The notion of a supplement submodule was introduced in [7] in order to characterize semiperfect modules, that is projective modules whose factor modules have projective cover. For submodules U and V of a module M, V is said to be a supplement of U in M or U is said to have a supplement V in M if U + V = M and U ∩ V ≪ V . M is called a supplemented module if every submodule of M has a supplement in M. See [21, §41] and [14] for results (and the definitions) related to supplements and supplemented modules. Recently, several authors have studied different generalizations of supplemented modules. In [16] , τ -supplemented modules were defined for an arbitrary preradical τ for R-Mod. For submodules U and V of a module M, V is said to be a τ -supplement of U in M or U is said to have a τ -supplement
. M is called a τ -supplemented module if every submodule of M has a τ -supplement in M. For the particular case τ = Rad, Rad-supplemented modules have been studied in [3] ; rings over which all modules are Rad-supplemented were characterized. See [23] ;
these modules are called generalized supplemented modules. Note that Radsupplements V of a module M are also called coneat submodules, and can be characterized by the fact that each module with zero radical is injective with respect to the inclusion V ⊆ M; see [14, §10] , [16] and [5] . On the other hand, modules that have supplements in every module in which it is contained as a submodule have been studied in [11] ; the structure of these modules, which are called modules with the property (E), has been completely determined over Dedekind domains. Such modules are also called Moduln mit Ergänzungseigenschaft in [13] and supplementing modules in [14, p.255] .
Also, in the recent paper [9] , modules that have a supplement in every cofinite extension have been studied, where a module N is called a cofinite extension of M if M ⊆ N and N/M is finitely generated; see [18] for the notion of a cofinite submodule. We follow the terminology and notation as in [14] .
We call a module M supplementing if it has a supplement in each module in which it is contained as a submodule. By considering these modules we define and study (ample) Rad-supplementing modules as a proper generalization of supplementing modules. A module M is called (ample) Rad-supplementing if it has a (an ample) Rad-supplement in each module in which it is contained as a submodule, where a submodule U ⊆ M has ample Rad-supplements in By P (M) we denote the sum of all radical submodules of the module M, that is,
Clearly M is reduced if P (M) = 0.
Since P (M) is a radical submodule of M we have the following corollary.
Corollary 2.2. For a module M, P (M) is Rad-supplementing.
Recall that a subset I of a ring R is said to be left T -nilpotent in case, for every sequence {a k } ∞ k=1 in I, there is a positive integer n such that a 1 · · · a n = 0.
In general, Rad-supplementing modules need not be supplementing as the following example shows. 
Proposition 2.4. Every direct summand of a Rad-supplementing module is
Rad-supplementing.
Proof. Let M be a Rad-supplementing module, U be a direct summand of M and let N be any extension of U. Then M = A ⊕ U for some submodule
If a module M has a Rad-supplement in its injective envelope E(M), M
need not be Rad-supplementing. For example, for R = Z, the R-module M = 2Z has a Rad-supplement in E(M) = Q since Rad Q = Q (and so Q is Rad-supplemented). But, M does not have a Rad-supplement in Z, and thus M is not Rad-supplementing. However, we have the following result.
Proposition 2.5. Let M be a module. Then the following are equivalent.
(i) M has a Rad-supplement in every essential extension, (ii) M has a Rad-supplement in its injective envelope E(M).
Proof. 
.
By hypothesis M has a Rad-supplement in
we have h(n) = m + h(n 1 ) = h(m + n 1 ) where m ∈ M and h(n 1 ) ∈ h(N) ∩ K. 
Proof. Consider the short exact sequence
Thus the result follows by Proposition 2.6.
Recall that R is said to be a left hereditary ring if every left ideal of R is projective.
For left hereditary rings, the converse is also true.
Proof. Since P (M) is Rad-supplementing by Corollary 2.2, the result follows by Proposition 2.6. Over left hereditary rings, any factor module of a Radsupplementing module is Rad-supplementing (see Corollary 2.18).
We give the proof of the following known fact for completeness.
Lemma 2.10. Every simple submodule S of a module M is either a direct summand of M or small in M.
Proof. Suppose that S is not small in M, then there exists a proper submod-
Thus M = S ⊕ K.
Proposition 2.11. Every simple module is (Rad-)supplementing.
Proof. Let S be a simple module and N be any extension of S. Then by Lemma 2.10, S ≪ N or S ⊕ S ′ = N for a submodule S ′ ⊆ N. In the first case, N is a (Rad-)supplement of S in N, and in the second case, S ′ is a (Rad-)supplement of S in N. So, in each case S has a (Rad-)supplement in N, that is, S is (Rad-)supplementing.
Theorem 2.12. Every module with composition series is (Rad-)supplementing.
Proof is simple, and so M is (Rad-)supplementing by Proposition 2.11. Suppose that this is true for each k ≤ n − 1. Then M n−1 is (Rad-)supplementing.
Since M n /M n−1 is also (Rad-)supplementing as a simple module, we obtain by Proposition 2.6 that M = M n is (Rad-)supplementing.
Corollary 2.13. A finitely generated semisimple module is (Rad-)supplementing.
In general, a factor module of a Rad-supplementing module need not be Rad-supplementing. To give such a counterexample we need the following result.
Recall that a ring R is called Von Neumann regular if every element a ∈ R can be written in the form axa, for some x ∈ R.
Proposition 2.14. Let R be a commutative Von Neumann regular ring.
Then an R-module M is Rad-supplementing if and only if M is injective.
Proof. Suppose that M is a Rad-supplementing module. Indeed, let a = (a i ) i∈I ∈ R where a i ∈ F i for all i ∈ I. Taking b = (b i ) i∈I ∈ R where b i ∈ F i such that
Then we obtain that
Now, by Proposition 2.14, R is a Rad-supplementing module over itself since it is injective (see [19, Corollary 3 .11B]). Since R is not noetherian, it cannot be semisimple (by [20, Corollary 2.6] ). Thus R is not hereditary by [1, Corollary] . Hence, there is a factor module of R which is not injective.
The following technical lemma will be useful to show that Rad-supplementing modules are closed under factor modules, under a special condition. 
Proof. By pushout we have the following commutative diagram, where ϕ exists since C/A is injective:
In the diagram, since the triangle- (1) 
where γ(a) = (a, 0) for every a ∈ A, φ(b) = (b, 0) for every b ∈ B, and σ(c, x) = (c + A, x) for every c ∈ C and x ∈ N/(B/A). Finally, taking P = σ −1 (g(N)) and defining a homomorphism σ : P −→ g(N) by σ(x) = σ(x) for every x ∈ P (in fact, σ is an epimorphism as so is σ), we obtain the following
Proof. Let B/A ⊆ N be any extension of B/A. By Lemma 2.16, we have the following commutative diagram with exact rows since C/A is injective:
Since h is monic and B is Rad-supplementing, B ∼ = Im h has a Rad-supplement in P , say V , that is, Im h + V = P and Im h ∩ V ⊆ Rad V . We claim that
, and Recall that R is said to be a semilocal ring if R/J is a semisimple ring, that is a left (and right) semisimple R-module (see [20, §20] ).
Theorem 2.20. A ring R is left perfect if and only if R is semilocal, R R is reduced and the free left
Proof. If R is left perfect, then R is semilocal by [6, 28.4] , and clearly R R is reduced. Since all left R-modules are supplemented and so Radsupplemented, F is Rad-supplementing. Conversely, since P ( R R) = 0 we have P (F ) = (P ( R R)) (N) = 0, that is, F is reduced. Thus by Proposition 2.19, JF = Rad F ≪ F , that is, J is left T -nilpotent by, for example, [6, 28.3] . Hence R is left perfect by [6, 28.4] since it is moreover semilocal.
[13] has studied supplementing modules over commutative noetherian By hypothesis M has a Rad-supplement V in N, that is, M + V = N and 
Ample Rad-supplementing modules
The following useful result gives a relation between Rad-supplementing modules and ample Rad-supplementing modules. 
